It is undoubted that the study of the "Quark-Gluon Plasma" (QGP) has gained considerable advances last decades with RHIC and LHC heavy ion collision experiments. Considerable progress has also been made in the study of the Deconfining Phase Transition (DPT) connecting the confined hadronic phase and the deconfined QGP phase, and lattice QCD simulations continue providing results on the equation of state of QCD, the transition temperature, the order of the DPT as well as the QCD phase diagram [1, 2] . Since simulated systems as well as reaction zones in which the formation of the QGP in relativistic heavy ion collisions is assumed to occur are finite, it is of great importance to take finite size effects in consideration. The subject of finite size effects has been deeply studied (see for instance [3] [4] [5] ). In previous works, one of us has studied the DPT from a hadronic gas (HG) phase consisting of pions to a color-singlet QGP consisting of gluons and u and d quarks, in a finite volume using massless particles in a first approach, and a finite size scaling analysis revealed that the DPT was of first order [6] . In a second paper [7] , an additional finite-size effect due to the finite extension of the hadrons, called excluded volume effects, has been taken into account in the study of the deconfining phase transition . In the present work, we take into account massive pions in the hadronic phase and massive strange quarks additionally to gluons and massless u and d quarks in the QGP phase, and calculate several physical quantities allowing to probe the behavior of the system at the phase transition as in [8, 9] , but now we examine the finite size effects for the thermal (temperature driven) DPT as well as for the density driven DPT. First, we use infinite matter equations of state, for both HG and QGP phases. We also investigate the finite mass effects on relevant quantities, then we impose the color-singletness requirement for the QGP and re-examine the variations of physical quantities near the transition. We use the phase coexistence model [6, 10] , assuming that the mixed F o r R e v i e w O n l y 3 HG-QGP phase system has a finite volume: V = V HG + V QGP , and the parameter h representing the fraction of volume occupied by the HG phase is then defined: V HG = hV . Thus, the value h = 1 corresponds to a total HG phase while h = 0 corresponds to a total QGP phase. The mean value of a physical quantity, A, of the system at temperature T , chemical potential µ and volume V , is then given by:
where A(h, T, µ, V ) is the total physical quantity in the state h, and Z (h) the total partition function of the system in the state h, which factorizes assuming non-interacting phases as:
Z QGP being the QGP partition function, Z HG the partition function of the HG phase and Z V ac accounts for the confinement of quarks and gluons by the real vacuum pressure B exerted on the perturbative vacuum of the bag model such that: Z V ac = e −BV /T .
FINITE-SIZE ROUNDING FOR THE THERMALLY DRIVEN AND DENSITY DRIVEN DECONFINING PHASE TRANSITION
To study the effects of volume finiteness, we shall use in a first step the infinite matter equations of state of the hadronic gas phase consisting of pions of mass m π and the QGP phase consisting of gluons, massless u and d quarks in addition to massive s quarks of mass m s . We examine the behavior of some thermodynamic quantities with temperature for varying volume, at a vanishing chemical potential µ = 0, but also with chemical potential and volume at fixed temperature, using the common value B 1/4 = 145M eV for the bag constant. The main quantities of interest are the order parameter, 
with:
where k is the momentum. Let's note that usual thermodynamic relations are used for the derivation of the free energy densities (eq. (6)), the energy densities (eq. (7)) and the entropy densities (eq. Finite size effects in the case of the thermally driven as well as the density driven DPT, can then be summarized in the following points: the rounding of discontinuities, or equivalently the smearing of singularities at the level of the first derivatives, and the broadening of the transition region. To these effects can be associated three useful characteristic quantities for each of the two transitions, namely, the maxima of the peaks of both thermal susceptibility χ max T (V ) and specific heat density c max T (V ), and the width of the transition region δT (V ) for the thermal DPT, and for the density driven DPT, the maxima of the peaks of both susceptibility χ max µ (V ) and specific heat density c max µ (V ), and the width δµ(V ) over which the transition is rounded off. Each of these quantities can be considered as an indicator of the order of the occurring transition, and is expected to exhibit a scaling behavior in the form of a power law of the volume V , characterized by a scaling critical exponent. For a firstorder thermal phase transition for example, the set of power laws is:
where the scaling exponents have been shown in the finite-size scaling theory to be all equal to unity [12] [13] [14] [15] .
As it is more interesting and realistic to study the deconfining phase transition to a colorless QGP, we shall extend the study of the finite-size effects to this case in the remainder of this work, but let us first investigate the effects of the mass finiteness on some characteristic quantities in the following, using infinite matter equations of state. Another mass effect appears at the level of the QGP phase (T > T c ) when comparing (a) and (b)
curves showing that the effective number of degrees of freedom in the two cases where s quarks are considered, in addition to u and d quarks, is lower when the s quarks are massive than when they are massless.
The most striking finite mass effect can be noted at the level of the sound velocity squared, determined by the pressure gradient dP for a given gradient in the energy density dε, and defined by:
This quantity is known to have the value c 2 s = 1/3 for an ultra-relativistic ideal gas and to present a vanishing minimum at the transition temperature, for a first order phase transition occurring at the thermodynamic limit. Its three dimensional variations with temperature and volume, T /m π increases, the sound velocity approaches the value 1/3, but for temperatures below T c , i. e., for small ratio T /m π , it is slower and does not attain the value 1/3, comparatively to the case of massless particles (dashed and dotted curves). Our results are comparable to those found in lattice QCD calculations (see for example [16] ).
FINITE-SIZE EFFECTS WITH COLOR-SINGLETNESS REQUIREMENT
In the following, because the total color must be neutral in the QGP phase, we impose the color singletness requirement to the partition function Z cs QGP for a free gas of quarks and gluons, consisting of gluons, massless up and down quarks, and massive strange quarks, and contained in a volume V QGP , at temperature T and quark chemical potential µ. We calculate such a partition function using the group theoretical projection method [17] and use it to probe the behavior of some physical quantities characterizing the system by calculating their mean values, using eq. (1), as in the first section.
The obtained expressions of the order parameter and the mean value of the energy density, at 
where:
F o r R e v i e w O n l y
where k is the momentum, q the variable representing the QGP volume fraction, M (ϕ, ψ) the weight function given by:
d Q, d G and d π are the degeneracy factors of quarks, gluons and pions respectively, and the angles α q (q = r, g, b) and α g (g = 1, ..., 4) are given by:
The evaluation of these mean values, and others which will follow, is done in a numerical way, at fixed temperature and volume, on a range of temperature and for various volumes, at the common value B 1/4 = 145M eV for the bag constant. Fig. 7 illustrates the variations with temperature of the order parameter (bottom), the mean value of the entropy density normalized by T 3 (middle) and that of the energy density normalized by T 4 (top), while Fig. 8 illustrates those of the thermal (bottom) susceptibility and (top) specific heat density, for the displayed volumes. The rounding of discontinuities, and the smearing of singularities at the level of susceptibility and specific heat density, and the broadening of the transition region are also recovered in this case, and the main and striking difference, comparatively with Figs. 1 and 3 showing the same quantities without the color-singletness requirement, is the shift of the transition temperature to higher values for small sizes. This is due to the effect of the color-singletness requirement which F o r R e v i e w O n l y 11 was found to lead to a gradual freezing of the effective number of degrees of freedom in the QGP [18] .
In a finite volume, the pressure at a given temperature has a lower value and the equilibrium between the two phases according to the Gibbs criterion is then reached at temperatures greater than T c (∞).
Thus, additionally to the maxima of the peaks of both thermal susceptibility χ max T (V ) and specific heat density c max T (V ), and to the width of the transition region δT (V ), the shift of the transition is also expected to exhibit a scaling behavior in the form of a power law of the volume V , characterized by a scaling critical exponent λ, on the form:
A finite size scaling behavior, similar to that carried out in [6] , reveals that the scaling exponents γ, α and θ in this case are equal to unity, and that the shift scaling exponent value is around 0.87, slightly deviating from 1, suggesting the contribution of higher order terms to the expression of τ (V ), as in [6] . The deconfining phase transition is then of first order in this case also where massive particles are contained in the hadronic and QGP phases.
CONCLUSION
In the present work, we have studied the deconfining phase transition between a hadronic gas phase consisting of massive pions and a QGP phase containing gluons, massless up and down quarks and massive strange quarks, when the transition is a temperature driven one (at vanishing chemical potential) and when it is a density driven one (at fixed temperature). The two parameters, namely the temperature and the chemical potential play the same role, and finite size effects involve a rounding of the transition on a broadened region of width δT (V ) or δµ(V ), and a smearing of the peaks of the susceptibility and the specific heat density in both cases.
Our investigation has shown that the behavior of the system undergoing a deconfining phase tran- On the other hand, the presence of massive particles has as effects to shift the transition temperature to smaller values, to lower the number of degrees of freedom in the QGP phase as well as to slow down the sound velocity at low temperatures where the ratio T /m π is small, i. e., in the hadronic phase, preventing it from attaining the value c 2 s = 1/3 for an ultra-relativistic ideal gas. Our results agree very well with those of lattice QCD calculations [16] , and with those obtained for example in Ref. [19] studying thermodynamics of the QCD plasma near the phase transition, and in [20] .
Finally, let us note that the study carried out here, with the color-singletness requirement for the QGP, has been done at a vanishing chemical potential (µ = 0) in a first approach to the problem with massive particles, while the more complicated case of a finite chemical potential is under consideration in a work in progress. Variations of (bottom) the order parameter, (middle) the mean value of the entropy density normalized by T³ and that of (top) the energy density normalized by T⁴ with temperature at different volumes at µ=0, with the color-singletness requirement. 279x361mm (300 x 300 DPI) Variations of (bottom) the susceptibility and (top) the specific heat density with temperature at different volumes at µ=0, with the color-singletness requirement. 279x361mm (300 x 300 DPI)
